Math 2263 Spring 2009 Midterm 1, WITH SOLUTIONS February 19, 2009

1. (15 points) Find an equation for the plane passing through the two points (z,y, z) = (4, -2, 2)
and (1,0, —2) so that the vector i P47+ k is tangent to the plane.

SOLUTION: A normal vector ¥ is the cross product of the vector (3, —2,4) from one given
point to the other and (1,1,1).
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Since (1,0, —2) is in the plane, an equation for the plane is —6(z — 1) 4+ (y — 0) + 5(2 +2) = 0,
or simplifying;:
—6x + y + 5z = —16.

2. (15 points) Find an equation for the surface in (z,y, z)-space obtained by rotating the ellipse
22 4 4% = 1 of the (z,y)-plane about the z-axis.

SOLUTION: The distance from the x-axis is y/y? + 22, which replaces |y| in the given equa-
tion. So the equation for the surface of revolution is 2% + 4y? + 422 = 1.

3. (15 points) The lines given parametrically by

(x,y,2) = (T+2t,—1 —t,—2t), —o0o<t<oo

and

(r,y,2) = (4—8,—14+25,2+2s), —00<s<00
intersect at the point (z,y, z) = (3,1,4). Find an equation for the plane which contains both
lines.

SOLUTION: A vector in the direction of the first line is @ = 2i — j — ZE, and for the second

line @ = —i + 2;4— 2k. So a normal vector ¥ to the plane is the cross product:
i j ok o
v=| 2 -1 -2 |=2i—25+4 3k
-1 2 2

An equation for the plane is 2(z — 3) — 2(y — 1) 4+ 3(z — 4) = 0, or simplifying:
2¢ — 2y + 3z = 16.
4. (15 points) For the function f(z,y) = e?**¥siny, find the second partial derivatives

fze, f:cy and fyy-

SOLUTION: Compute f, = 2e**™¥siny and f, = e**™¥[siny + cosy]. Then
fox = 4e** Wsiny,  fu, = 2e**V[siny + cosy]

and  fy, = e**1Y[siny + cosy + cosy — siny] = 2¢* ¥ cos y.
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5. (10 points) Suppose z = f(z,y) is a function with first partial derivatives f;(1,2) = 3 and
fy(1,2) = 5. If x and y are both functions of t: z = g(t) = —1 — 2t and y = h(t) = 6 + 4¢, find

the derivative at t = —1 :
dz

d
o = 21 (90.h)).
SOLUTION: The chain rule says that
dz dx dy
== a(90.00) 5 + £, (90, 0(0)) -
Compute that when t = —1, 2(—1) = 1 and y(—1) = 2, so in the chain rule, both f, and f,
are evaluated at (1,2). We get:

dz

7D =0)(=2)+(5)4) = 14.

6. (15 points) The point (x,y, z) = (1,—1,2) lies on the surface S:
22+ 22 — 2zy — y? = 6.

Find the equation of the tangent plane to the surface S at (1,—1,2). Write it in the form
ar + by +cz =d.

SOLUTION: Compute the gradient of g(x,y,2) = 2% + 22 — 2zy — y? : Vg = (2z — 2y)f—i—
(—2z — 2y)j + 2zk. Then Vg(1,—1,2) = 4i + 4k is a normal vector to the surface S given by
g(x,y,z) =6 at (1,—1,2). The equation of the tangent plane to S at (1,—1,2) is

69‘ <<x>y72>_<17_]—a2>) =4(xz—1)—-0y+1)+4(2—2)=0, or z+2z=3.

7. (15 points) (a)Find the gradient of the function f(z,y,z2) = e®In(zy + 22) at the point
<$,y, Z> = <_17 1a2>

(15 points) SOLUTION: f, = e In(zy + 22) + xy+zz7 fy = xyfzg; and f, = xzzf; So the
partial derivatives of f at (x,y,z) = (—1,1,2) are f, = ln3 + 36, fy = —:,% and f, = 3i. The

(& (&
gradient of f is
- In3 17- 1+ 4
Vi(-1,1,2 :[— f}ef' ~F
ut ) + 3e 36‘7 + 3e

(b) Find the directional derivative of the function f(z,y,z) = e In(zy + 22) at the point
(x,y,z) = (—=1,1,2) in the direction of the unit vector

1/ o -
*:§(21—2j+k>.

SOLUTION: Since @ is a unit vector, we know that Dzf(—1,1,2) = @- Vf(-1,1,2) =
5(21—2]“6) : ([1n3+3i]2 j+3ek) ( 34 1]_ol +36> =23+ 4.



