Let a be a function in L*°(I"), where I' = T'(¢) is a Carleson curve, that
is a curve such that sup,cpsup.q|I'(¢, €)|e is finite, where the symbol |I'(¢, €)|
denotes the measure of the part I'(¢,¢) of the curve I' in the disc |7 — t| < e.
Let w(7) denote a Muckenhaupt weight defined on T'; the class of Muckenhaupt
weights is denoted by A,(I"). The complex function f is said to be in LP(T', w)
if (Jo |f(7)Pw(r)dr)YP = || f||p,w is finite. For f in the Hardy space HP(L,w)
the Toeplitz operator T'(a) is the projection of the function of a onto the Hardy
space HP(T',w). The essential spectrum of an operator T is the set of complex
numbers A such that T — Al is not Fredholm; I is the identity operator. The
essential spectrum of the Toeplitz operator T'(a) is described in terms of indica-
tor functions. The function V(0)41)(€) is defined by the equations Vt(o)w(é’) =
limp_, o exp exp fF(t,gR) logy(r)|dr|/T(t,ER)/ exp fF(t,R) logy(r)|dr|/|T(ER)|
for 0 < € < 1, V,V4(€) = limpg_o sup exp fF(mR) log ) (r)|dr|/|T(t, )|/
exp(fr(tg_lR) log ¢ (r)|dr|/|T(t,E~1R)| for £ > 1. The indicator function () is
defined by the formula a;(z) = limsupg_, V;? exp(—x arg(r —t)w(&)/log £ and
B¢(z) is the limit superior of the same function as £ tends to infinity. It is shown
that if a is piecewise continuous on I', then the essential spectrum of T'(a) con-
sists of the essential range R(a) and the leaves Uiep, L(a(t—0),a(t+0), p, ay, Bt)
where A, denotes the set of points of discontinuity of the function a on I' and,
for points, z, w, the symbol L(z,w, p, oy, B¢) denotes the leaf about z and w de-
termined by p, o, B¢ that is the set of points {w(exp 27y — z)/(exp 27y — 1)} as
~ ranges over the strip 1/p+ ay(z) <y <1/p+p € (z) vy =z +y. If Xis not
in the essential spectrum of T'(a), then the index of T'(a) — AI is the winding
number of the curve R(a) Uer, L(a(t —0),a(t +0),p, (s + Bt)/2, (e + B1)/2)
about the point A\. The indicator set N; of I', p,w at the point ¢ is the set of
complex numbers v such that |7 — t|* exp(—yarg(r — t))w is a Muckenhaupt
weight, where v = x + iy. It is shown that N; is the set of complex numbers ~
such that —1/p < z + au(y) < x4+ By < p/(p — 1). A plane set N is said to
be narrow if it is contained in a set m = S N .Sy where each set 5; is a strip of
width at most 1 and inf, 4 iyer y = infotiye N Y, SUD, 1 iyer Y = SUD,iyen Y- 1018
shown that open convex narrow sets containing the origin are precisely the sets
which coincide the indicator set V; for some Carleson curve I' and some weight
in A,(T') for some t € T.



